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Abstract: In this note, we give a simple proof that the Riemann Hypothesis
is unprovable in any reasonable axiom system.
Disclaimer: This article was authored by Craig Alan Feinstein in his pri-
vate capacity. No official support or endorsement by the U.S. Government is
intended or should be inferred.
The Riemann-Zeta function ζ(s) is a complex func-
tion defined to be
ζ(s) =
s
s− 1
− s
∫
∞
1
x− ⌊x⌋
xs+1
dx
when the real part of the complex number s is positive
[1]. The Riemann Hypothesis states that if ρ = σ + ti
is a complex root of ζ(s) and 0 < σ < 1, then σ = 1/2
[2]. The Riemann-Siegel function is defined to be the
real function
Z(t) = ζ(
1
2
+ ti) · exp(iϑ(t)),
where
ϑ(t) = arg[Γ(
1
4
+
1
2
it)]−
1
2
t lnpi.
Notice that |Z(t)| = |ζ(1/2 + ti)| for all real t, so the
real roots t of Z(t) are the same as the real roots t of
ζ(1/2 + ti) [3]. In this note, we give a simple proof that
the Riemann Hypothesis is unprovable in any reasonable
axiom system:
The Riemann Hypothesis is equivalent to the asser-
tion that for each T > 0, the number of real roots t of
ζ(1/2 + it) (counting multiplicities), where 0 < t < T ,
is equal to the number of complex roots s of ζ(s) in
{s = σ + ti | 0 < σ < 1, 0 < t < T } (counting mul-
tiplicities). Because the formula for the real roots t of
ζ(1/2 + it) cannot be reduced to a formula that is sim-
pler than the equation, ζ(1/2 + it) = 0, the only way
to determine the number of real roots t of ζ(1/2+ it) in
which 0 < t < T is to count the changes in sign of Z(t),
where 0 < t < T .
Suppose it were possible to prove that the number of
real roots t of ζ(1/2 + it), where 0 < t < T , is equal to
the number of complex roots s of ζ(s) in {s = σ+ti | 0 <
σ < 1, 0 < t < T } without counting the changes in sign
of Z(t), where 0 < t < T . Then it would be possible to
determine the number of real roots t of ζ(1/2+it), where
0 < t < T , by computing the number of complex roots
s of ζ(s) in {s = σ + ti | 0 < σ < 1, 0 < t < T } via the
argument principle [4] without counting the changes in
sign of Z(t), where 0 < t < T . But this contradicts the
last sentence in the paragraph above. Hence, in order
to prove that the number of real roots t of ζ(1/2 + it),
where 0 < t < T , is equal to the number of complex
roots s of ζ(s) in {s = σ + ti | 0 < σ < 1, 0 < t < T }, it
is necessary to count the changes in sign of Z(t), where
0 < t < T .
As T becomes arbitrarily large, the time that it takes
to count the changes in sign of Z(t), where 0 < t < T ,
approaches infinity; hence, an infinite amount of time is
required to prove that for each T > 0, the number of
real roots t of ζ(1/2 + it), where 0 < t < T , is equal to
the number of complex roots s of ζ(s) in {s = σ + ti |
0 < σ < 1, 0 < t < T }, so the Riemann Hypothesis is
unprovable in any reasonable axiom system.
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